The metric dimension of a graph Γ is the least number of vertices in a set with the property that the list of distances from any vertex to those in the set uniquely identifies that vertex. We consider the jellyfish graph JFG(n, m) is defined as follows. If n copies of K 1,m and a cycle C n are joined by merging any vertex of C n to the vertex with maximum degree of K 1,m , then the resulting graph is called the jellyfish graph JFG(n, m). In this paper, we find the metric dimension of jellyfish graph JFG(n, m), also we consider the problem of determining the cardinality ψ(Γ) of minimal doubly resolving sets of Γ, and the strong metric dimension of the jellyfish graph JFG(n, m). Moreover, we find an adjacency dimension of the jellyfish graph JFG(n, m).
Introduction
In this paper we consider finite, simple, and connected graphs. The vertex and edge sets of a graph Γ are denoted by V(Γ) and E(Γ), respectively. For u, v ∈ V(Γ), the length of a shortest path from u to v is called the distance between u and v and is denoted by d Γ (u, v), or simply d (u, v) . The adjacency and non-adjacency relations are denoted by ∼ and ≁, respectively. Metric dimension was first introduced in the 1970s, independently by Harary and Melter [7] and by Slater [19] . In recent years, a considerable literature has developed [2] . This concept has different applications in the areas of network discovery and verification [3] , robot navigation [10] , chemistry [6] , and combinatorical optimization [18] . A vertex x ∈ V(Γ) is said to resolve a pair u, v ∈ V(Γ) if d Γ (u, x) d Γ (v, x). For an ordered subset W = {w 1 , w 2 , ..., w k } of vertices in a connected graph Γ and a vertex v of Γ, the metric representation of v with respect to W is the k-vector r(v|W) = (d(v, w 1 ), d(v, w 2 ), ..., d(v, w k )). If every pair of distinct vertices of Γ have different metric representations then the ordered set W is called a resolving set of Γ. Indeed, the set W is called a resolving set for Γ if r(u|W) = r(v|W) implies that u = v for all pairs u, v of vertices of Γ. A resolving set of minimum cardinality for a graph Γ is called a minimum resolving set or a basis for Γ, denoted by β(Γ). The metric dimension β(Γ) is the number of vertices in a basis for Γ. If β(Γ) = k, then Γ is said to be k-dimensional. Chartrand et. al. [6] determined the bounds of the metric dimensions for any connected graphs and determined the metric dimensions of some well known families of graphs such as trees, paths, and complete graphs. Bounds on β(Γ) are presented in terms of the order and the diameter of Γ. All connected graphs of order n having metric dimension 1, n − 1, or n − 2 are determined. Notice, for each connected graph Γ and each ordered set W = {w 1 , w 2 , ..., w k } of vertices of Γ, that the i th coordinate of r(w i |W) is 0 and that the i th coordinate of all other vertex representations is positive. Thus, certainly r(u|W) = r(v|W) implies that u = v for u ∈ W. Therefore, when testing whether an ordered subset W of V(Γ) is a resolving set for Γ, we need only be concerned with the vertices of V(Γ) − W.
Cáceres et al. [4] define the notion of a doubly resolving set as follows. Vertices x, y of the graph Γ of order at least 2, are said to doubly resolve vertices
.., z l } of vertices of Γ is a doubly resolving set of Γ if every two distinct vertices of Γ are doubly resolved by some two vertices of Z.
The minimal doubly resolving set is a doubly resolving set with minimum cardinality. The cardinality of minimum doubly resolving set is denoted by ψ(Γ). The minimal doubly resolving sets for Hamming and Prism graphs has been obtained in [12] and [5] , respectively. Another researchers in [1] determined the minimal doubly resolving sets for necklace graph. Since if x, y doubly resolve u, v, then d(u, x) − d(v, x) 0 or d(u, y) − d(v, y) 0, and hence x or y resolve u, v. Therefore, a doubly resolving set is also a resolving set and β(Γ) ≤ ψ(Γ).
The strong metric dimension problem was introduced by A. Sebö and E. Tannier [18] and further investigated by O. R. Oellermann and J. Peters-Fransen [16] . Recently, the strong metric dimension of distance hereditary graphs has been studied by T. May and O. R. Oellermann [13] . A vertex w strongly resolves two vertices u and v if u belongs to a shortest v − w path or v belongs to a shortest u − w path. A set N = {n 1 , n 2 , ..., n m } of vertices of Γ is a strong resolving set of Γ if every two distinct vertices of Γ are strongly resolved by some vertex of N. The smallest cardinality of strong resolving set is called strong metric basis of Γ. The strong metric dimension of a graph Γ is defined as the cardinality of strong metric basis denoted by sdim(Γ). It is easy to see that if a vertex w strongly resolves vertices u and v then w also resolves these vertices. Hence every strong resolving set is a resolving set and β(Γ) ≤ sdim(Γ).
All three previously defined problems are NP-hard in general case. The proofs of NP-hardness are given for the metric dimension problem in [10] , for the minimal doubly resolving set problem in [11] and for the strong metric dimension problem in [16] . Intrinsic metrics on a graph have become of interest, as generally discussed in [8, 12, 14, 15, 17, 20] , for instance. An interesting family of graphs of order nm + n is defined as follows. If n copies of K 1,m and a cycle C n are joined by merging any vertex of C n to the vertex with maximum degree of K 1,m , then the resulting graph is called the jellyfish graph JFG(n, m) with parameters m and n. In particular, if n is an even integer then the jellyfish graph JFG(n, m) is a bipartite graph. In this paper, we consider the problem of determining the cardinality ψ(JFG(n, m)) of minimal doubly resolving sets of the jellyfish graph JFG(n, m). First, we find the metric dimension of jellyfish graph JFG(n, m), in fact we prove that if n ≥ 3 and m ≥ 2 then the metric dimension of jellyfish graph JFG(n, m) is nm − n. Also, we consider the problem of determining the cardinality ψ(Γ) of minimal doubly resolving sets of Γ, and the strong metric dimension of the jellyfish graph JFG(n, m). Moreover, we find an adjacency dimension of the jellyfish graph JFG(n, m).
Definitions And Preliminaries
Definition 2.1. [9] Let Γ be a graph, and let W = {w 1 , ..., w k } ⊆ V(Γ). For each vertex v ∈ V(Γ), the adjacency representation of v with respect to W is the k-vector
The set W is an adjacency resolving set for Γ if the vectorsr(v|W) for v ∈ V(Γ) are distinct. The minimum cardinality of an adjacency resolving set is the adjacency dimension of Γ, denoted byβ(Γ). An adjacency resolving set of cardinalitŷ β(Γ) is an adjacency basis of Γ.
Let Γ be a graph of order n.
2) If Γ is connected, then β(Γ) ≤β(Γ).
3) 1 ≤β(Γ) ≤ n − 1.
Main results
Theorem 3.1. Let n, m be integers such that n ≥ 3, m ≥ 2. Then the metric dimension of jellyfish graph JFG(n, m) is nm − n.
We can show that the diameter of jellyfish graph JFG(n, m) is [ n 2 ] + 2. In the following cases, we show that the metric dimension of jellyfish graph JFG(n, m) is nm − n. Case 1. Let W be an ordered subset of V 1 in the jellyfish graph JFG(n, m) such that |W| ≤ n. It is an easy task if |W| < n then W is not a resolving set of jellyfish graph JFG(n, m). In particular, if |W| = n then we show that W is not a resolving set of jellyfish graph JFG(n, m). Without loss of generality one can assume that an ordered subset is
.., A n j }. Therefore, the metric representation of the vertices v 11 , v 12 , ..., v 1m ∈ A 1 j with respect to W is the same as n-vector. Thus, W is not a resolving set of jellyfish graph JFG(n, m).
We know that |W| = nm − m. So, the metric representation of the vertices v 11 , v 12 , ..., v 1m ∈ A 1 j with respect to W is the same as nm − m-vector. Therefore, W is not a resolving set of jellyfish graph JFG(n, m).
We know that |W| = nm − 2. So, the metric representation of the vertices v n1 , v n2 ∈ A n j with respect to W is the same as nm − 2-vector. Therefore, W is not a resolving set of jellyfish graph JFG(n, m).
Case 4. Let W be an ordered subset of V 2 in the jellyfish graph JFG(n, m) such that |W| = nm − 1. We show that W is a resolving set of jellyfish graph JFG(n, m). Without loss of generality one can assume that an ordered subset is W = {A 1 j , A 2 j , ..., A n j − v nm }. Hence, V(JFG(n, m)) − W = {1, 2, ..., n, v nm }. We can show that all the vertices 1, 2, ..., n, v nm ∈ V(JFG(n, m)) − W have different representations with respect to W. Because, for every k ∈ V (JFG(n, m) 
Therefore, all the vertices 1, 2, ..., n, v nm ∈ V(JFG(n, m)) − W have different representations with respect to W. This implies that W is a resolving set of jellyfish graph JFG(n, m).
Case 5. Let W be an ordered subset of V 2 in the jellyfish graph JFG(n, m) such that W = {A 1 j − v 1m , A 2 j − v 2m , ..., A n j − v nm }. Hence, V(JFG(n, m)) − W = {1, 2, ..., n, v 1m , v 2m , ..., v nm }. We know that |W| = nm − n. In a similar fashion which is done in Case 4, we can show that all the vertices 1, 2, ..., n, v 1m , v 2m , ..., v nm ∈ V(JFG(n, m)) − W have different representations with respect to W. This implies that W is a resolving set of jellyfish graph JFG(n, m). Case 6. In particular, let W be an ordered subset of V 2 in the jellyfish graph JFG(n, m) such that |W| = nm. We show that W is a resolving set of jellyfish graph JFG(n, m). Without loss of generality one can assume that an ordered subset is W = {A 1 j , A 2 j , ..., A n j }. Hence V (JFG(n, m) ) − W = {1, 2, ..., n}. We can show that all the vertices 1, 2, ..., n ∈ V(JFG(n, m)) − W have different representations with respect to W. This implies that W is a resolving set of jellyfish graph JFG(n, m).
From the above cases, we know conclude that the minimum cardinality of a resolving set of the jellyfish graph JFG(n, m) is nm − n. Proof. We know that an ordered subset Z = {A 1 j − v 1m , A 2 j − v 2m , ..., A n j − v nm } of vertices in the jellyfish graph JFG(n, m) is a resolving set of jellyfish graph JFG(n, m) of size nm − n. Also by Theorem 3.1, the metric dimension of jellyfish graph JFG(n, m) is β(JFG(n, m)) = nm − n. Moreover, B(JFG(n, m)) ≤ ψ (JFG(n, m) ). We show that the subset JFG(n, m) is not a doubly resolving set of jellyfish graph JFG(n, m) . Because, if u = v im and v = i, 1 ≤ i ≤ n, then for every x, y ∈ Z, we have d(u, x) − d(u, y) = d(v, x) − d(v, y) .
Let n, m be integers such that n ≥ 3, m ≥ 2. Then the subset Z = {A 1 j , A 2 j , ..., A n j − v nm } of vertices in the jellyfish graph JFG(n, m) is not a doubly resolving set of jellyfish graph JFG(n, m).
Proof. We show that subset Z = {A 1 j , A 2 j , ..., A n j − v nm } of vertices in the jellyfish graph JFG(n, m) is not a doubly resolving set of jellyfish graph JFG(n, m). Because, if u = v nm and v = n, then for every x, y ∈ Z, we have d(u,
Theorem 3.2. Let n, m be integers such that n ≥ 3, m ≥ 2. Then the cardinality of minimum doubly resolving set of jellyfish graph JFG(n, m) is nm.
We know that an ordered subset Z = {A 1 j , A 2 j , ..., A n j } of vertices in the jellyfish graph JFG(n, m) is a resolving set of jellyfish graph JFG(n, m) of size nm. Also by Theorem 3.1, the metric dimension of jellyfish graph JFG(n, m) is β(JFG(n, m)) = nm − n. Moreover, B(JFG(n, m)) ≤ ψ(JFG(n, m)). We show that the subset Z = {A 1 j , A 2 j , ..., A n j } of vertices in jellyfish graph JFG(n, m) is a doubly resolving set of jellyfish graph JFG(n, m). It is sufficient to show that for two vertices u and v of jellyfish graph JFG(n, m) there are vertices x, y ∈ Z such that d(u, d(v, y) . Consider two vertices u and v of jellyfish graph JFG(n, m). Then we have the following: Case 3. Finally, let u Z and v ∈ Z. Hence, u ∈ V 1 = {1, 2, ..., n} and v ∈ V 2 = {A 1 j , A 2 j , ..., A n j }. We can assume without loss of generality that u = k, 1 ≤ k ≤ n and v = v 11 ∈ A 11 . Therefore, if x = v k2 and y = v 11 , then we have
Thus, by Lemma 3.1, Lemma 3.2 and the above cases we know conclude that the cardinality of minimum doubly resolving set of jellyfish graph JFG(n, m) is nm. graph JFG(n, m) is not a strong resolving set of jellyfish graph JFG(n, m).
where V 2 is the set which is defined already. It is not hard to see that for every two distinct vertices u, v ∈ M there is not a vertex w ∈ N such that u belongs to a shortest v − w path or v belongs to a shortest u − w path. So, the subset N = {A 1 j − v 1m , A 2 j − v 2m , ..., A n j − v nm } of vertices in jellyfish graph JFG(n, m) is not a strong resolving set of jellyfish graph JFG(n, m). We conclude that if N is a strong resolving set of jellyfish graph JFG(n, m) then |N| ≥ nm − 1, because |M| must be less than 2. Theorem 3.3. Let n, m be integers such that n ≥ 3, m ≥ 2. Then the strong metric dimension of jellyfish graph JFG(n, m) is nm − 1.
Proof. By Lemma 3.3 we know that if N is a strong resolving set of the jellyfish graph JFG(n, m) then |N| ≥ nm − 1. We show that the subset N = {A 1 j , A 2 j , ..., A n j − v nm } of vertices in jellyfish graph JFG(n, m) is a strong resolving set of jellyfish graph JFG(n, m). It is sufficient to prove that every two distinct vertices u, v ∈ V(JFG(n, m)) − N = {1, 2, ..., n, v nm } is strongly resolved by a vertex w ∈ N. In the following cases we show that the strong metric dimension of jellyfish graph JFG(n, m) is nm − 1. Case 1. Let u and v be two distinct vertices in V (JFG(n, m) ) − N such that u, v ∈ V 1 = {1, 2, ..., n}. So, there is i, j ∈ V 1 such that u = i and v = j. Therefore i and j will be strongly resolved by some v i j ∈ A i j , because i and v i j are adjacent, and hence i belongs to a shortest v i j − j path. Case 2. Now, let u and v be two distinct vertices in V (JFG(n, m) ) − N such that u ∈ V 1 = {1, 2, ..., n} and v = v nm . Without loss of generality we may assume u = i, where i ∈ V 1 . Therefore i and v nm will be strongly resolved by some v i j ∈ A i j , because i and v i j are adjacent, and hence i belongs to a shortest v i j − v nm path.
From the above cases, we know conclude that the minimum cardinality of a strong metric dimension of the jellyfish graph JFG(n, m) is nm − 1.
Lemma 3.4. Let n, m be integers such that n ≥ 3, m ≥ 2. Then an ordered subset W = {A 1 j −v 1m , A 2 j −v 2m , ..., A n j −v nm } of vertices in the jellyfish graph JFG(n, m) is not the adjacency resolving set of jellyfish graph JFG(n, m).
We conclude that if W is an adjacency resolving set of jellyfish graph JFG(n, m) then |W| ≥ nm − 1, because |M| must be less than 2.
Theorem 3.4. Let n, m be integers such that n ≥ 3, m ≥ 2. Then the adjacency dimension of jellyfish graph JFG(n, m) is nm − 1.
Proof. By Lemma 3.4 we know that if W is an adjacency resolving set of the jellyfish graph JFG(n, m) then |W| ≥ nm − 1. Let W be an ordered subset of V 2 in jellyfish graph JFG(n, m) such that |W| = nm − 1. We show that W is an adjacency resolving set of jellyfish graph JFG(n, m). Without loss of generality one can assume that an ordered subset is W = {A 1 j , A 2 j , ..., A n j − v nm }. Hence V(JFG(n, m)) − W = {1, 2, ..., n, v nm }. We can show that all the vertices 1, 2, ..., n, v nm ∈ V(JFG(n, m)) − W have different adjacency representations with respect to W. Because, for every k ∈ V(JFG(n, m)) − W, 1 ≤ k ≤ n and v i j ∈ A i j , 1 ≤ i ≤ n, 1 ≤ j ≤ m, if k = i then we have a Γ (k, v i j ) = 1, otherwise a Γ (k, v i j ) = 2. Also, for the vertex v nm ∈ V(JFG(n, m)) − W with v nm v i j ∈ A i j , 1 ≤ i ≤ n, 1 ≤ j ≤ m, we have a Γ (v nm , v i j ) = 2. Therefore, all the vertices 1, 2, ..., n, v nm ∈ V(JFG(n, m)) −W have different adjacency representations with respect to W. This implies that W is an adjacency resolving set of the jellyfish graph JFG(n, m). We know conclude that the minimum cardinality of the adjacency resolving set of jellyfish graph JFG(n, m) is nm − 1. 
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